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Let P be a parabolic subgroup of some general linear group GLV  where V is
a nite-dimensional vector space over an innite eld. The group P acts by conju-
gation on its unipotent radical Pu and via the adjoint action on —u, the Lie algebra
of Pu. More generally, we consider the action of P on the lth member of the de-
scending central series of —u, denoted by —
l
u . Let `—u denote the nilpotency class
of Pu. In our main result we show that P acts on —
l
u with a nite number of orbits
precisely when `—u ≤ 4 for l = 0, or `—u ≤ 5 + 2l for l ≥ 1. Moreover, in case
the eld is algebraically closed, we consider the modality modP x —lu  of the action
of P on —lu . We show that modP x —lu  grows linearly in the minimal cases which
admit innitely many orbits (i.e., `—u = 5 for l = 0, or `—u = 6+ 2l for l ≥ 1),
whereas the corresponding modality grows quadratically in all other innite cases.
These results are obtained by interpreting the orbits of P on —lu as isomorphism
classes of good modules over certain quasi-hereditary algebras and by a detailed
inspection of the 1-representation types of these algebras. ' 2000 Academic Press
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1. INTRODUCTION
Let k be an innite eld and V a nite-dimensional k-vector space. Let
F x 0 = V0 ⊆ · · · ⊆ Vt = V be a flag of linear subspaces of V . The stabilizer
P of F in the general linear group of V is a parabolic subgroup of GLV .
We denote by —u the Lie algebra of the unipotent radical of P . The members
of the descending central series of —u are dened by —
0
u x= —u and —lu x=
—u; —l−1u  for l ≥ 1. If the flag F is proper, i.e., Vi−1 6= Vi for i = 1; : : : ; t,
then the nilpotency class of —u is `—u = t − 1. We identify —lu with the
space of all endomorphisms f of V such that f Vi ⊆ Vi−l−1 for i = l +
1; : : : ; t. Then the group P acts by conjugation on each —lu .
Recently, Hille and Ro¨hrle classied in [HR1, HR2] those parabolic sub-
groups of classical groups G which act with a nite number of orbits on
their unipotent radical. In our main theorem, we extend this classication
in case G = GLV  to the members of the descending central series of —u
and also investigate the innite cases in more detail.
More precisely, if the eld k is algebraically closed, we distinguish two
cases of innite actions as follows. Recall that the modality modP x —lu 
of the action of P on —lu is the maximal number of parameters a family of
P-orbits on —lu depends on (cf. [V]). Therefore, the number of orbits of
P on —lu is nite precisely when modP x —lu  = 0, and we then say that
the action of P on —lu is nite. Now we dene for each n ∈  a parabolic
subgroup Pn of GLV ⊗ kn by Pn = StabFn, where Fn is the
t-flag F ⊗ knx 0 = V0 ⊗ kn ⊆ · · · ⊆ Vt ⊗ kn = V ⊗ kn.
We say that the action of P on —lu is tame when the number modPn x
—nlu  grows linearly in n ∈ . If modPn x —nlu  grows quadratically
in n ∈ , then we call the action of P on —lu wild. Note that the dimension
of the vector space —nlu also grows quadratically in n ∈ ; thus at most
quadratic growth behavior can be expected for the modality of Pn on
—nlu . The following theorem shows that the values of the parameters t
and l already determine when the action of P on —lu is nite, tame innite,
or wild.
Theorem. Let k be an innite eld, and let P = StabF be a parabolic
subgroup of a general linear group realized as the stabilizer of a proper flag F
of length t. Then P acts with a nite number of orbits on —lu precisely when
t ≤ 5 for l = 0, or t ≤ 6 + 2l for l ≥ 1. Moreover, in the nite cases, the
number of orbits is independent of the eld.
In case the eld is algebraically closed, the action of P on —lu is nite, tame
innite, or wild depending on the values of t and l as shown in the following
diagram:
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action of P if l = 0 and if l ≥ 1 and
nite t ≤ 5 t ≤ 2l + 6
tame innite t = 6 t = 2l + 7
wild t ≥ 7 t ≥ 2l + 8
The proof of this theorem generalizes the methods of [HR2]. In the
rst step we interpret the orbits of all parabolic subgroups P = StabF
on —lu for xed numbers t; l ∈  as isomorphism classes of a category
F t; l, see Lemma 1. The second step follows an idea of Gabriel: We
show that F t; l is equivalent to the category of 1-good modules over a
quasi-hereditary algebra At; l. In the case l = 0, the algebra At; 0 is the
Auslander-algebra of the truncated polynomial ring kX/Xt .
The last step extends the techniques developed in [DR] for the case l = 0:
The category of 1-good At; l-modules is shown to be closely related to the
category of all nite-dimensional modules over some algebra Bt; l. This
allows us to apply the classication results for nite-dimensional algebras.
In particular, we determine when the algebra Bt; l is representation-nite,
tame innite, or wild and this in turn yields the main result.
In the last section of this paper, we discuss generalizations of the main
theorem. We study the P-orbits on arbitrary ideals of — in —u. We refer
to a computer program which allows us to solve the niteness question
for these ideals and their quotients when the nilpotency degree of Pu is
sufciently small. In the nite cases, the program computes representatives
of all orbits. In fact, these representatives are independent of the eld k,
even if k is a nite eld.
We refer to [HV, R1, ARS, GR] concerning the theory and the classi-
cation results for nite-dimensional algebras. For an introduction to quasi-
hereditary algebras, we refer to [R2, DR].
2. FROM ORBITS OF PARABOLICS TO ISOMORPHISM
CLASSES OF MODULES
Let k be an arbitrary eld. For xed numbers t; l ∈ , we dene an
additive category F t; l as follows: The objects of F t; l are pairs F; f ,
where the rst component F x 0 = V0 ⊆ · · · ⊆ Vt = V is a t-flag of nite-
dimensional k-vector spaces; hence P = StabF is a parabolic subgroup of
GLV  and —lu is dened. The second component f is an endomorphism
of V that lies in —lu . A morphism φx F; f  → F ′; f ′ in F t; l is a linear
map φx V → V ′ which respects the flags, that is, φVi ⊆ V ′i , and commutes
with the endomorphisms: φf = f ′φ.
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From the denition of morphisms in F t; l we immediately obtain the
following result.
Lemma 1. For a xed flag F , the isomorphism classes of objects F; f  in
F t; l are in natural bijection to the orbits of P = StabF on —lu .
Thus the category F t; l contains as isomorphism classes precisely all
orbits of all parabolics we are interested in. Next, we show that F t; l
is equivalent to a subcategory Mt; l of the category of modules over a
certain algebra At; l. The algebra At; l is given by a quiver Q = Qt; l
with relations as follows. Let Q0 = 1; : : : ; t be the set of vertices of
Q. Moreover, we dene arrows i αi−→ i + 1 for i = 1; : : : ; t − 1 and i +
l + 1 βi−→ i for i = 1; : : : ; t − l − 1. Then we consider the ideal I in the
path algebra of Q generated by the relations β1αl+1 = 0 and βi−lαi =
αi−l−1βi−l−1 for l + 1 < i < t. Finally, we dene At; l x= kQ/I. We give
an example of the quiver Q6; 1:
Let At; l-mod denote the category of all nite-dimensional At; l-
modules. Recall that each At; l-module M is given by nite-dimensional
vector spaces M1; : : : ;Mt together with linear maps Mα1; : : : ;Mαt−1
and Mβ1; : : : ;Mβt−l−1 corresponding to the arrows of the quiver
Q = Qt; l. Let Mt; l denote the full subcategory of At; l-mod consist-
ing of all At; l-modules M such that Mαi is injective for i = 1; : : : ; t − 1.
Lemma 2. The categories F t; l and Mt; l are equivalent.
Proof. Let M be a module in Mt; l. Then the images of the maps
Mαt−1 ◦Mαt−2 ◦ · · · ◦MαixMi →Mt dene a flag F in Mt . Moreover,
the map f x= Mαt−1 · · ·Mαt−l−1Mβt−l−1 denes an endomorphism
of Mt . The relations in At; l ensure that f is an element of —lu (where
P = StabF); hence the pair F; f  belongs to F t; l. Conversely, given
an object F; f  in F t; l, we dene an object V in Mt; l as follows: The
flag F gives rise to a sequence of inclusions
V1
V α1−→ V2 · · ·Vt−1
V αt−1−→ Vt:
Moreover, the maps V βi are dened as the restrictions of the map f to
Vi+l+1. It is easy to see that we obtain in this way an equivalence Mt; l ∼→
F t; l.
Recall that an aggregate (cf. [GR, 3.5]), resp. a KrullSchmidt category
(cf. [R, 2.2]), is an additive category where the decomposition of an object
into indecomposable objects is unique up to permutation and isomorphism.
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Corollary 1. The category F t; l is a KrullSchmidt category.
Proof. The category of all nite-dimensional At; l-modules is well
known to be KrullSchmidt. The full subcategory Mt; l is obviously
closed under direct summands; hence it is also KrullSchmidt and there-
fore F t; l as well by Lemma 2.
Given a flag F x 0 = V0 ⊆ · · · ⊆ Vt , we dene the dimension vector d =
dimF ∈ t of F as d = dim V1; dim V2 − dim V1; : : : ; dim Vt − dim Vt−1.
Of course, the flag F is proper precisely when all entries of d are non-zero.
Lemma 1 and Corollary 1 above imply that we obtain representatives of all
orbits of P = StabF on —lu just by forming direct sums of indecomposable
objects in F t; l such that the dimension vectors of their flags add up to
d = dimF. We therefore focus on the indecomposable objects of F t; l
from now on.
3. THE ALGEBRA At; l
(3.1) In this section, we show that the algebra At; l is quasi-hereditary,
and that the category F t; l is equivalent to the category F 1 of 1-good
modules of At; l.
Below we consider several At; l-modules, which we want to introduce
beforehand. A convenient method is to work in the -covering eAt; l of the
algebra At; l; we refer to [BG, B] for the concept of coverings and the
push-down functor eAt; l-mod → At; l-mod; eM 7→ M . In the previous
example t; l = 6; 1, the -covering eA6; 1 is shown in the gure below.
Here we draw the arrows α from left to right and the arrows β pointing
downward. The relations are given by the commutativity of all squares and
α2β1 = 0.
We introduce certain eAt; l-modules by specifying full subquivers 0 ofeAt; l. The corresponding module is then obtained by placing the vector
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space k at each vertex of the subquiver and taking identity maps on each
arrow of 0. The modules e1i are concentrated on a row with starting point
i and end point t. The modules e∇j lie on a column consisting of all points
lying above j. The module eT i is concentrated on the triangle consisting
of all points lying on the right and above from i. We illustrate this by an
example.
The push-down functor eAt; l-mod → At; l-mod yields the corre-
sponding At; l-modules 1i, ∇i, and T i. The module 1i, for
instance, is one-dimensional in all vertices j with i ≤ j ≤ t. For each
1 ≤ i ≤ t, we denote by Ii and Pi the injective hull and the projective
cover of the simple module corresponding to a vertex i. For simplication,
in the following lemma we set Pi = 0 = Ii whenever i ≤ 0.
Lemma 3. With the notation introduced above, we have for each i =
1; : : : ; t the following two exact sequences of At; l-modules:
0 −→ Pi− l − 1 −→ Pi −→ 1i −→ 0
0 −→ ∇i −→ Ii −→ Ii− 1 −→ 0
Proof. Recall that each arrow i −→ j in Q denes a homomorphism
Pj → Pi and a homomorphism Ij → Ii between projective and
injective modules, respectively. It is straightforward to check that the ar-
rows βi ∈ Q1 dene injective maps between the projectives with cokernel
1i. Analogously, the arrows αi ∈ Q1 yield surjective maps between the
injectives and thus the second of the exact sequences above.
One may check directly that the image of Pj in Pi for each j < i and
each homomorphism Pj → Pi is contained in the image of Pi− l− 1
in Pi. Thus, the 1i are the standard modules by [DR, Lemma 1.1,iii)]
when we use the inverse order of the natural numbers as index set and
the algebra At; l is quasi-hereditary by [DR, Theorem 1,i)]. An analogous
statement holds for the injective modules and the costandard modules ∇j.
Moreover, the At; l-modules with a ltration whose factors belong to 1 =
11; : : : ; 1t are exactly those modules M with all Mαi injective. Thus
F t; l is the category of modules with 1-ltration.
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We collect these observations in the following proposition.
Proposition 1. For each t; l ∈ , the algebra At; l is quasi-hereditary
when we use the inverse order of the natural numbers as an index set. All
standard modules have projective dimension at most one, and all costandard
modules are of injective dimension at most one. The category F t; l is equiv-
alent to the category F 1 of At; l-modules with 1-ltration.
(3.2) Following [DR], we now investigate the category F 1 in more
detail. Recall that there exists a unique At; l-module T , called the char-
acteristic module, which admits both a ltration by standard and a ltration
by costandard modules, has no isomorphic direct summands, and is maxi-
mal with respect to these properties. It is easy to see that in our case the
module T decomposes as T = Li∈Q0 T i where the T i are the mod-
ules introduced above. By [DR, 4.1], the characteristic module T is a tilting
module; thus it denes a torsion pair GT ;HT  where
GT  = Y ∈ At; l-mod  Ext1T;Y  = 0 and
HT  = Y ∈ At; l-mod  HomT;Y  = 0:
Given an At; l-module M , we denote by ηTM the trace of T in M , i.e.,
the image under the canonical map HomT;M ⊗ T →M .
Corollary 2. The functor F 1/T  → HT ;M 7→ M/ηTM is an
equivalence.
Here F 1/T  is the residue category of F 1 by the ideal generated
by T . Therefore the isomorphism classes of indecomposable objects in
F 1 are the isomorphism classes of indecomposable objects in F 1/T 
together with T 1; : : : ; T t.
Proof. The corollary is an immediate consequence of Proposition 1
and [DR, Theorem 3].
(3.3) As observed in [DR, 4], the modules T i have a short projective
and injective resolution. We need a more precise statement which is easily
seen from the denition of the T i’s above.
Lemma 4. Let T i denote the modules introduced above. Then there exist
short exact sequences
0→ Pi− l − 1 → Pξi → T i → 0;
where the number ξi is determined by ξi ≡ i mod l and t − l ≤ ξi ≤ t.
In particular, T i is projective when 1 ≤ i ≤ l + 1.
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We nally show that the category HT  is equivalent to the category
of modules over an algebra Bt; l. We dene the algebra Bt; l as the
quotient of the algebra At − l − 1; l by the ideal generated by the re-
lation αt−2l−2βt−2l−2 = 0. Note that we can view Bt; l as a quotient
At; l/I, where the ideal I is generated by the idempotent elements of
At; l corresponding to the vertices t − l; : : : ; t. Therefore, we may con-
sider Bt; l-mod as a full subcategory of At; l-mod formed by those mod-
ules Y which satisfy HomPi; Y  = 0 for i = t − l; : : : ; t.
Proposition 2. The category HT  is equivalent to Bt; l-mod.
Proof. We know by Lemma 4 that the modules T i for i = 1; : : : ; l+ 1
are precisely the projective modules Pj for j = t − l; : : : ; t. Consequently,
a module in HT  is a Bt; l-module. Moreover, the short exact sequence
of Lemma 4 shows that any Bt; l-module Y also satises HomT i; Y  =
0 for all i, and hence is in HT .
4. THE ALGEBRA Bt; l
(4.1) We determine in this section the representation types of the al-
gebras Bt; l and this in turn allows us to prove the main theorem: By
Lemma 1, the isoclasses of the category F t; l are in bijection to the orbits
of the corresponding parabolic groups, and by Proposition 1, Corollary 2,
and Proposition 2, the indecomposable objects of the categories F t; l and
Bt; l-mod differ only by a nite number of isoclasses.
Lemma 5. The algebra Bt; l is of nite representation type precisely when
one of the following two conditions is satised:
(a) l = 0 and t ≤ 5,
(b) l ≥ 1 and t − 2l ≤ 6.
Proof. First we note that the two path algebras with relations shown in
Fig. 1 are in the list of Happel and Vossieck [HV], and thus are of innite
representation type. At least one of them is a full convex subalgebra of the
FIGURE 1
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-covering eBt; l of Bt; l if neither condition (a) nor condition (b) holds.
Therefore, Bt; l is of innite representation type in this case.
On the other hand, it is easy to see that under condition (a) or (b) none
of the algebras in the list of [HV] appears as a full convex subalgebra
of eBt; l. Thus eBt; l is representation-nite and, using covering theory
(cf. [BG] or [B]), the niteness result for Bt; l follows immediately.
In the next gure we present two locally representation-nite cases for
the algebra eBt; l, namely, the cases eB8; 1 and eB10; 2.
(4.2) Lemma 5 implies that the niteness conditions in our main
theorem are sufcient: In these cases, the algebras Bt; l are represen-
tation-nite, and this implies by the previous considerations that, for
each dimension vector d, the number of isomorphism classes of objects
in F t; l with dimension d is nite. Since the number of orbits of
P = StabF on —lu is just the number of isomorphism classes of objects
in F t; l with dimension d = dimF, this part of the main theorem is
shown. Moreover, it is well known that the number of isomorphism classes
of indecomposable modules over a representation-nite algebra is inde-
pendent of the ground eld; hence we obtain the analogous statement for
the number of orbits P on —lu .
In order to show the necessity of the niteness conditions in the main
theorem, we investigate the minimal representation-innite cases t; l =
6; 0 and t; l = 2l + 7; l for l ≥ 1. The algebra eB6; 0 contains the
representation-innite algebra C2 from Fig. 1. This provides us with a k-
family of pairwise non-isomorphic B6; 0-modules, and hence with a k-
family of pairwise non-isomorphic objects F; fλ; λ ∈ k in F 6; 0. The
dimension vector of F is dimF = 1; 1; 1; 1; 1; 1, and the endomorphisms
fλ are given by the matrix below. For simplicity we indicate only those
entries which are non-zero.
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Now we investigate the cases t; l = 2l + 7; l for l ≥ 1. Then the alge-
bra eBt; l contains the representation-innite algebra C1 from Fig. 1 as a
convex subalgebra. Again, we obtain a corresponding family F; fλ; λ ∈ k
of pairwise non-isomorphic objects in F 2l + 7; l. The dimension vector
of F is dimF = 1; : : : ; 1 ∈ 2l+7. The endomorphisms fλ are given by
the matrix below. Note that the size of the matrix is t = 2+ l+ 3+ l+ 2 =
7+ 2l.
Thus we obtain the necessity of the niteness condition in our main
theorem: In all cases where the algebra Bt; l is minimal representation-
innite, we determined a k-family of pairwise non-isomorphic objects in
F t; l with dimension vector d = 1; : : : ; 1, or in other words, the corre-
sponding endomorphisms fλ lie in the Lie-algebra of the Borel subgroup.
Since we suppose that the parabolic group P is the stabilizer of a proper
flag F of length t, we know that dimF ≥ d. Therefore, the group P
acts with innitely many orbits provided k is an innite eld. This nishes
the part of the proof of our theorem that concerns the representation-
nite cases.
(4.3) Before studying the tame actions, we recall that the class of nite-
dimensional algebras over an algebraically closed eld k is divided into
two disjoint classes, the tame and the wild algebras. The indecomposable
modules of a tame algebra A can be parametrized in each dimension d by
a nite number of discrete and a nite number of one-parameter families.
In particular, the modality of the variety of A-modules of dimension nd
grows at most linearly in n ∈ . Therefore, if one of the algebras Bt; l is
tame, then the modality modPn x —nlu  grows at most linearly in n ∈ 
whenever P is the stabilizer of a proper flag of length t. On the other hand,
by forming direct sums of the innite families given above, we see that the
modality modPn x —nlu  grows at least linearly in n ∈  whenever P
acts with an innite number of orbits on —lu .
In case one of the algebras Bt; l is wild, we know that there exists a
dimension vector d such that the modality of the variety of Bt; l-modules
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grows quadratically when we consider the sequence of dimension vectors
d; 2d; 3d; : : : ; nd; : : :.
Lemma 6. The algebras Bt; l are tame, representation-innite precisely
when one of the following two conditions is satised:
(a) t; l = 6; 0,
(b) l ≥ 1 and t = 2l + 7.
Proof. First we show that the algebras Bt; l are tame under the con-
ditions of the lemma. The case t; l = 6; 0 is studied in [DR]: It is shown
that the algebra B6; 0 is of tubular type 8, hence tame. If l ≥ 2 one can
easily see that the covering eB2l + 7; l contains only one critical algebra,
namely, the algebra C1 from Fig. 1 above. Therefore the algebras Bt; l
with l ≥ 2 and t = 2l + 7 are tame domestic.
The algebra B9; 1 deserves more attention: Its covering eB9; 1 con-
tains four types of critical algebras, namely, A1 x= C1 from Fig. 1, A2 as
shown in the gure below, A3 x= C2 from Fig. 1, and nally A4 x= Aop2 .
The quivers of the various subalgebras A1;A2;A3;A4 cover the whole
quiver of eB9; 1. Moreover, these subalgebras join pairwise to tubular al-
gebras: The algebra with support A1 ∪A2 is a tubular algebra of type 8,
and the same holds for the unions A2 ∪A3, A3 ∪A4, and A4 ∪A1 as well.
Applying the results of [HaRi, PT] we conclude that the algebra B9; 1 is
iterated tubular and in particular tame.
This shows that the conditions of the lemma are sufcient for the tame-
ness of the concerned algebras, and it also proves the corresponding state-
ment for the actions of P on —lu . To show that the conditions of the lemma
are also necessary, we proceed as in Lemma 5 when we investigated the
niteness: In each instance where the pair t; l does not satisfy the con-
ditions from Lemma 6, it is easy to detect one of the two algebras from
Fig. 2 as a convex subalgebra in the covering eBt; l. Both algebras from
Fig. 2 are taken from the list of Unger of hypercritical algebras (cf. [U]),
and hence they are wild, which proves the lemma.
Moreover, these hypercritical algebras yield a certain dimension vector
d such that the modality of the variety of Bt; l-modules of dimension
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FIGURE 2
nd grows quadratically in n ∈ . Hence, there is a flag F ′ such that the
corresponding parabolic group P ′ acts wild on —′lu . Since the parabolic
group P from the main theorem is the stabilizer of a proper flag F , there
is a natural number m such that m dimF ≥ dimF ′; hence the modality
modPn x —nlu  also grows quadratically in n ∈ . This nally nishes
the proof of our main theorem.
5. SOME GENERALIZATIONS
Let P = StabF be a parabolic subgroup of some GLV  as above.
In this section we consider more generally which —-ideals of —u admit only
nitely many orbits under the adjoint action of P . For an innite eld k, the
—-ideals of —u are of the form —λ = f ∈ EndV   f Vi ⊆ Vλi where
λ = λ1; : : : ; λt satises λi < i and λi ≤ λi+ 1. The ideal —lu , for
example, is determined by the sequence λ = λ1; : : : ; λt with λi =
i − l − 1 for i = l + 1; : : : ; t and λi = 0 for i = 1; : : : ; l. Moreover, we
also consider the induced action of P on quotients of the form —λ/—µ.
As in Section 2, it is possible to view the P-orbits on —λ/—µ in terms
of a KrullSchmidt category F λ;µ: The objects of F λ;µ are just the
pairs F; f  where F is a flag of xed length t and f is the residue class of
an endomorphism in —λ modulo —µ. Again, one could interpret F λ;µ
as the category of 1-good modules over some algebra Aλ;µ (a general
argument is carried out in [BH]), but the rest of the proof given above
cannot be applied.
There is, however, a way to detect by computer whether the category
F λ;µ has only nitely many indecomposable objects (and hence P acts
on —λ/—µ with nitely many orbits). Let F t denote the category of t-
flags. Then —λ gives rise to a bifunctor over F t in the following way: To
each pair F; F ′ in F t×F t we associate the vector space —λF; F ′ x=
f x V → V ′  f Vi ⊆ V ′λi. In the same way, one can dene a functor
—λ/—µx F t × F t → mod k.
Now, the category F λ;µ introduced above is nothing else but the cat-
egory of matrices over the bifunctor —λ/—µ as introduced, for example,
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in [C]. Therefore the classical bimodule reduction algorithm (cf. [C, Br])
can be applied in this situation. Based on this algorithm, we wrote a com-
puter program [XPar] which is adapted for our particular situation. The
program tests whether for given λ and µ the category F λ;µ has nitely
many indecomposable objects. If the number of indecomposables is nite,
the output consists of various pieces of information on the indecomposable
objects: the number of indecomposable objects, the corresponding dimen-
sion vectors, the dimensions of the space of homomorphisms between the
indecomposables, and nally representatives of the indecomposable objects.
In case the number of indecomposables is innite, either a 1-parameter
family of indecomposables is specied or a matrix with four non-zero en-
tries in a row (or column) is given (which implies that the problem is of
innite type).
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